I. INTRODUCTION
A nanofluorophore encapsulated with a silica shell has recently attracted great interest [1] [2] [3] [4] [5] [6] due to its excellent photochemical stability and biocompatibility in biological and biomedical applications. The nanofluorophore with a diameter of a few nanometers can be a II-VI or III-V compound semiconductor quantum dot, fluorescent proteins, or dye molecules. 5, 6 For fluorescence-based applications, the fluorescence efficiency, i.e., the external quantum efficiency of the nanofluorophore, is an important issue. For the nanofluorophore within a silica shell, the silica shell can protect the nanofluorophore from the solvent and consequently decrease the nonradiative transition rate, and this improves the fluorescence efficiency ͑see e.g., Ref. 4͒. However, the fluorescence efficiency still may not be high enough for some applications since the radiative transition rate of the nanofluorophore within a silica shell is much lower than the value in the infinite medium. An alternative and effective way to boost the fluorescence efficiency further is to utilize the Purcell enhancement of the quantum efficiency by increasing the radiative transition rate. [7] [8] [9] It has been reported 10 that the radiative transition rate can be greatly enhanced through encapsulating the nanofluorophore directly with a metallic shell. However, since the metallic shell introduces large absorption loss when the fluorescent emitter is close to the metallic shell, the fluorescence efficiency for this case is usually still low, particularly for the nanofluorophores studied here with diameters less than 10 nm.
In this paper we study the effect of a dielectric buffer layer between the nanofluorophore and the metallic shell on the radiative transition rate and the fluorescence efficiency, and show theoretically that such a dual-shell structure as shown in Fig. 1 can give a highly efficient and tunable fluorescence. A variety of chemical and physical methods has been developed for the synthesis of various core-shell nanoparticles with a size-controllable dielectric core and metal shell. 4, 11, 12 Thus, the present dual-shell structure with designed parameters should be feasible and practical for synthesis. Although a theoretical study on a two-level atom radiating anywhere inside a spherically layered structure has been reported, 13 the study was limited to a few special structures with a fixed emission wavelength. Thus, the enhanced Purcell effect, due to the plasmonic resonance and the other related phenomena which will be discussed in this paper, could not be observed in Ref. 13 . In addition, unlike the case of a single silica shell or single metallic shell, we expect that a properly designed dual-shell structure can offer simultaneously a large Purcell enhancement of the internal quantum efficiency and a high outcoupling efficiency ͑i.e., the ratio of the far-field radiation power to the total power emitted from the nanofluorophore͒, which results in a significant improvement of the fluorescence efficiency. The large Purcell enhancement in the dual-shell structure is due to the resonant excitation of the surface plasmon in the metallic shell, where the resonant wavelength depends on the refractive index n of the ambient material. Thus, we expect the fluorescence spec- trum to be sensitive to n. Here, as examples of practical interest, we study fluorescent emission from a 4 nm diameter nanofluorophore comprised of multiple tetramethylrhodamine isothiocyanate ͑TRITC͒ dye molecules.
The paper is organized as follows. In Sec. II, a theoretical analysis is given on the fluorescence of emitters in a spherically multilayered structure. In Sec. III, we study the dependence of the plasmonic resonance on the structural parameters of the dual-shell structure, optimize the dual-shell structure for highly efficient fluorescence, and show that the fluorescent spectrum can be tuned easily by changing the refractive index of the ambient material. Conclusion will be addressed in Sec. IV.
II. THOERETICAL ANALYSIS
The theoretical treatment of the fluorescence is based on the classical electromagnetics with the fluorescent emitter modeled as incoherent classical electric dipoles 8, 14, 15 ͑with a constant current but random orientation in space͒. The applicability of the classical electromagnetic approach for calculating the radiative transition rate relies on the fact that the local photonic density of states describes the averaged total power emitted from the incoherent classical electric dipoles. 14, 15 Note that in the case of an ultrathin metallic shell, the standard Mie theory may fail since the nonlocal effect associated with the longitudinal surface plasmon modes [16] [17] [18] may occur. This nonlocal effect is considered in our treatment. In order to study the fluorescence properties, one needs to calculate the averaged total emission power F and the far-field radiation power U ͑both are normalized by the total emission power of an electric dipole in the infinite medium͒ of the dipoles in the spherically multilayered structure. As a consequence of Fermi's golden rule, the radiative transition rate is modified as 7-9
where ⌫ r 0 and ⌫ r s are the radiative transition rate in the infinite medium and the spherically multilayered media, respectively. Here, the total emission power F is also called the Purcell factor. Assuming that the nonradiative transition rate in the spherically multilayered media is ⌫ nr , the internal quantum efficiency q s and the fluorescence efficiency f are obtained
where q 0 = ⌫ r 0 / ͑⌫ r 0 + ⌫ nr ͒ is the initial internal quantum efficiency. In a fixed short time period, the total number of emitted photons at a given wavelength is proportional to the radiative transition rate. Thus, the observable fluorescence spectrum S͑͒ is proportional to the product of the intrinsic fluorescence spectrum S 0 ͑͒, radiative transition rate, and the outcoupling efficiency U / F, i.e. ͓cf. Eq. ͑1͔͒,
͑4͒
The fluorescence efficiency averaged over the emission spectrum is given by
͑5͒
For the 4 nm diameter TRITC nanofluorophore studied here, the intrinsic fluorescent spectrum S 0 ͑͒ is considered to have a Gaussian shape centered at 575 nm and a FWHM ͑full width at half-maximum͒ of 60 nm according to the experimental results. 4, 6 In addition, an initial internal quantum efficiency as low as q 0 = 0.25 is used for TRITC. 19 For an electric dipole with a dipole moment p ៝ in the spherically layered structure, the total emission power F is given by 8, 20 
where E s ͑r ៝ , r ៝ Ј͒ and E 0 ͑r ៝ , r ៝ Ј͒ are the electric field at r ៝ due to the radiating dipole located at r ៝ Ј in the spherically layered structure and the infinite medium, respectively. Here, Im͑·͒ stands for the imaginary part of ͑·͒. In the infinite medium, it is well known that
where I J is the unitary dyadic and k is the wavenumber in the emitting medium. In order to calculate E s ͑r ៝ , r ៝ Ј͒, we decompose E 0 ͑r ៝ , r ៝ Ј͒ in terms of vector spherical harmonics and calculate the reflection and transmission coefficients of each spherical harmonic at the interfaces by matching the boundary conditions. Then, E s ͑r ៝ , r ៝ Ј͒ can be evaluated through a summation of the vector spherical harmonics with the consideration of the reflection and transmission coefficients. 20 According to Eq. ͑6͒, the Purcell factor F can be obtained. The far-field radiation power U is an integral of the outgoing time-averaged Poynting power over the outmost spherical surface, which can be readily evaluated through the knowledge of the electric field in the outmost region of the spherically layered structure. 20
III. RESULTS AND DISCUSSION
In this section, we study the dependence of the plasmonic resonance on the structural parameters of the dualshell structure, optimize the dual-shell structure for highly efficient fluorescence, and show that the fluorescence spectrum can be tuned easily by changing the refractive index of the ambient material. In our calculations, the refractive indices of the nanofluorophore core and silica shell are assumed to be 2.0 and 1.46, respectively, over the fluorescence spectrum range. Two kinds of metal shells, i.e., silver and gold shells, are considered here. For the special configuration of a dielectric core/metallic shell system, a recent report 21 has shown that the experiment agrees well with the theory without considering the size dependence of the dielectric function of the metal. Thus, according to Refs. 21 and 22 and the references therein, we use the dielectric function of bulk metals 23 in the calculation. The ambient material of the nanoparticle is assumed to be water with a refractive index of 1.33. Later we will show that the fluorescence spectrum and efficiency depend strongly on the refractive index n of the ambient material.
A. Fluorescence with plasmonic resonance in the dual-shell structure
In the present dual-shell structure, the radiative transition rate can be greatly enhanced due to the resonant excitation of the surface plasmon in the metallic shell. Figure 2͑a͒ shows the spectrum of the Purcell factor F as the solid line for the dual-shell structure displayed in the figure. For comparison, the spectrum of F for the same structure but without the silver shell is shown as the dashed line in Fig. 2͑a͒ . One sees that, different from the nanofluorophore, within a single silica shell the spectrum of F for the dual-shell structure shows a resonant structure and F is enhanced by more than three orders of magnitudes at the resonant wavelength. Thus, the radiative transition rate of the emitters in the dual-shell structure is much faster and consequently the internal quantum efficiency is greatly enhanced as the radiative transition rate outweighs the nonradiative transition rate ͓see Eq. ͑2͔͒. The plasmonic resonance in the dual-shell structure depends strongly on the structural parameters, i.e., the silica shell thickness and the metallic shell thickness. Figure 2͑b͒ shows a contour plot of the plasmonic resonant wavelength as a function of the thickness of the silica shell s and the thickness of the silver shell t, where the values on the lines indicate the resonant wavelength ͑nm͒. From Fig. 2͑b͒ , one observes that for a fixed resonant wavelength a nearly linear relation of s and t should be satisfied. In addition, the resonant wavelength becomes highly sensitive to the silica shell thickness when the silver shell is thin. In the silica/silver dual-shell structure, one can observe that the resonant wavelength has a lower limit of about 440 nm. We also studied the case of the silica/gold dual-shell structure and have shown the results in Fig. 2͑c͒ , where similar phenomena are observed. In the silica/gold dual-shell structure, the lower limit of the resonant wavelength is around 525 nm, much longer than that in the silica/silver structure.
B. Optimal design of the dual-shell structure for highly efficient fluorescence
In this subsection, we optimize the dual-shell structure to achieve a high-efficiency fluorescence. According to Eqs. ͑3͒ and ͑5͒, we calculate the dependence of the fluorescence efficiency of TRITC on the two structural parameters, i.e., the silica shell thickness s and the metallic shell thickness t. Figure 3͑a͒ shows a contour plot of the fluorescence efficiency as a function of s and t, where the values on the lines indicate the efficiency. From this figure, one can find the optimal structural parameters ͑s , t͒ which correspond to the maximal fluorescence efficiency. At the optimal point ͑s , t͒, the large Purcell enhancement of the internal quantum efficiency and high outcoupling efficiency are simultaneously achieved. Figure 3͑b͒ shows the spectra of the fluorescence, the normalized total emission power F, and the far-field radiation power U of the optimized silica/silver dual-shell structure. As shown by the dashed line in Fig. 3͑b͒ , a large Purcell enhancement of the radiative transition rate due to the resonant excitation of the surface plasmon is observed. Moreover, the peak wavelength of the fluorescence spectrum in Fig. 3͑b͒ does not exactly coincide with the peak of the spectra of F and U. This is due to the contribution of the outcoupling efficiency ͓see Eq. ͑3͔͒. Besides the silica/silver dual-shell structures, we also optimized the silica/gold dualshell structures for high-efficiency fluorescence. For comparison, we calculated the fluorescence efficiencies for the nanofluorophore within a single silica shell and the nanofluorophore within an optimized single silver shell. The optimized parameters, the corresponding Purcell factors F at = 575 nm, and the efficiencies of the four nanoparticles are listed in Table I . One sees that, for the single-silica-shell structure, although the outcoupling efficiency is 1 ͑i.e., F = U͒, the fluorescence efficiency is as low as 10% since the radiative transition rate is very low. For the optimized singlemetal-shell structure, although the radiative transition rate is over 1052 times larger than the value in the infinite medium, the fluorescence efficiency is less than 1% because over 99% of the emitted power is absorbed in the metal shell since the diameter of the nanofluorophore is very small; consequently the fluorescent emitters are very close to the metal shell ͑the thickness of the metal shell has already been optimized for the maximal fluorescence efficiency͒. Our dual-shell structure gives simultaneously a large Purcell enhancement of the internal quantum yield and a high outcoupling efficiency, which result in a significant improvement of the fluorescence efficiency. One sees that for the optimized silica/silver dualshell structure, the fluorescence efficiency is 58.8%, which is roughly five times larger than the efficiency for the singlesilica-shell structure. The fluorescence efficiency for the optimized silica/gold dual-shell structure is about 40.3%, which is less efficient than that of the silica/silver dual-shell structure. Thus, from the point of view of efficiency, silver is better for use as the metallic outer shell in our dual-shell structure to achieve high-efficiency fluorescence for TRITC.
C. Tunable fluorescence
In this subsection, we will show that the fluorescent spectrum of the nanofluorophore in the dual-shell structure is sensitive to the refractive index n of the ambient material. According to Eq. ͑4͒, the observable fluorescence spectrum S͑͒ is proportional to the product of U͑͒ and S 0 ͑͒. Thus, the fluorescence spectrum will change if U͑͒ significantly changes with n. Here, U͑͒ indeed is sensitive to the refractive index of the ambient material since the plasmonic resonant wavelength depends on n. For the dual-shell structure displayed in Fig. 4͑a͒ , the spectra of U͑͒ for various n are calculated and plotted in the figure. As n increases, the peak wavelength of U͑͒ shifts to a longer wavelength. Since the fluorescence spectrum is directly related to U͑͒, the fluorescence spectrum should show a redshift as n increases. We plot the fluorescence spectra in Fig. 4͑b͒ with various line styles for various n. As n varies from 1.3 to 1.6, the peak wavelength of the fluorescence spectrum is redshifted by over 50 nm. For comparison, the fluorescence spectrum for the 4 nm diameter TRITC nanofluorophore within a single silica shell is shown in Fig. 4͑b͒ by the solid line, which looks much broader and has no spectral shift when the refractive index n varies. Meanwhile, the fluorescence efficiency, as shown in the inset of Fig. 4͑b͒ , also significantly changes as n increases. The sensitivity of the fluorescence spectrum and efficiency to the ambient material offers extra flexibilities and may broaden its applications in biological sensing and labeling. For different types of biologic tissues ͑as the ambient material͒, the refractive indices may vary and consequently the fluorescence spectra ͑as well as the effi-ciency͒ of our dual-shell structure will be distinct. The tuning range can be extended further if the dual-shell structure is optimized.
IV. CONCLUSIONS
In conclusion, a nanofluorophore core with a buffer shell ͑silica shell͒ and a metallic outer shell has been studied and designed for highly efficient and tunable fluorescence. The enhanced Purcell effect due to plasmonic resonance and the variation of the resonance with structural parameters have been analyzed and discussed thoroughly through a classical electromagnetic approach. With our dual-shell structure, a nearly fivefold enhancement of the fluorescence efficiency has been achieved as compared with the nanofluorophore within a single silica shell. Furthermore, unlike the nanofluorophore within a single silica shell, the peak of the fluorescence spectrum can be easily tuned by over 50 nm when the refractive index of the ambient material varies from 1.3 to 1.6. The significant enhancement and tunability of the fluorescence facilitate and broaden the applications of our dualshell nanoparticles in biological sensing and labeling.
